ON THE CONVERGENCE OF CESARO MEANS OF
NEGATIVE ORDER OF WALSH-FOURIER SERIES
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ABSTRACT. In this paper we investigate convergence of Cesaro means
of negative order of Walsh-Fourier series of functions of generalized
bounded oscilation

Let ro (z) be a function defined on R := (—o0,00) by

[ Lifze [0,3) .
ro(z) = lifze [%1) , ro(z+1) =ro(x).

The Rademacher system is defined by
rn(z) =710(2"2) n>1and x €[0,1).

Let wg,w;. represent the Walsh function, i.e. wo(xz) = 1 and if k =
2™ 4 ..+ 2™ is a positive integer with ny > ng > ... > ng then wy (z) =
Tny () X oo X1 ().

The idea of using products of Rademacher’s functions to define the Walsh
system originated from Paley [16].

The Walsh-Dirichlet kernel is defined by

n—1
Dn(x) = wy (x).
k=0

Recall that [ ) )
[ ifre0, &
Do (x)_{ 0, if z € [, 1)
Suppose that f is a Lebesgue integrable function on [0, 1] and 1-periodic.
Then its Walsh-Fourier series is defined by

)

(k) wg (),

where
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is called the kth Walsh-Fourier coefficient of function f. Denote by S, (f, z)
the nth partial sum of the Walsh-Fourier series of the function f, namely

n—1
Su(f.2) =) Flk)w ().
k=0
The Cesaro (C, a)-means of the Walsh-Fourier series are defined as

05 (1) = g S0 AL T (R wn (),

™ k=0
where
g=1
1)...
A® = (e+D.latn) 4 o .
n!

Let C ([0, 1]) denote the space of continuous functions f with period-1. if
f€C(0,1]) then the function

w (o, f) = sup{!f (') —f(x”)‘ : ‘x'—:c”} <6, o,2" €[0,1]}

is called the modulus of continuity of the function f.

The modulus of continuity of an arbitrary function f € C ([0, 1]) has the
following properties:

1) w(0)=0,

2) w () is nondecreasing,

3) w () is continuous on [0,1],

4) w((51+(52) Sw((51>+w(52) for 0 <61 <99 <61 +09 <1.

An arbitrary function w () which is defined on [0, 1] and has properties
1)-4) is called a modulus of continuity.If the modulus of continuity w () is
given, then H* denotes the class of functions f € C ([0, 1]) for which

w(,f)=0(w(d) as d§—0.

Cy ([0,1]) is the collection of functions f € [0,1) — R that are uniformly
continuous from the dyadic topology of [0, 1) to the usual topology of R, or
for short: uniformly W-continuous.

Let f be defined on [0, 1) .We shall represent the dyadic modulus of con-
tinuity by

W (9, f) = sup sup|f(z@®h)— [ ()
0<h<§ =
where @ denotes dyadic addition (see [12] or [18]).

The problems of summability of Cesaro means of Walsh-Fourier series
were studied in [4] ,[7] ,[10] ,[9] ,[8] ,[16] ,[18] ,[17] .

Tevzadze [19] has studied the uniform convergence of Cesaro means of
negative order of Walsh-Fourier series. In particular, in terms of modulus
of continuity and variation of function f € C, ([0, 1]) he has proved the
criterion for the uniform summability by the Cesaro method of negative
order of Fourier series with respect to the Walsh system.
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In [9] Goginava investigated the problem of estimating the deviation of
f € L, from its Cesaro means of negative order of Walsh-Fourier series in
the L,-metric, p € [1,00). Analogous results for Walsh-Kaczmarz system
was proved by Nagy [15] and Géat, Nagy [6].

In his monograph [23, part 1,chap 4] Zhizhiashvili investigated the be-
havior of Cesaro means of negative order of trigonometric Fourier series in
details.

The notion of a function bounded variation was introduced by Jordan
[13]. Generalizing this notion Wiener [21] considered the class of function
Vp. Young [22] introduced the notion of function of bounded ®-variation.
Waterman [20] studied the class of function of bounded A-variation, and
Chanturia [3] defined the notion of the modulus of variation of a function. In
1990, Kita and Yoneda [14] introduced the notion of the generalized Wiener’s
class BV (p(n) 1 p) . Generalizing the class BV (p(n) 1 p) ,Akhobadze [1, 2]
considered the classes of function BV (p(n) T p, ) and BA (p(n) T p,¢).

Definition 1. [11] Let 1 < p(n) T p as n — oo where 1 < p < oo. We say
that a function belongs to the  BO (p(n) 1 p) class if

2n_1 Eo)
O (f;p(n) 1 p) :—sup{z sup !f(t)—f(u)\p(”)} < o0,

n | 155 tweliz—.(+1)2-7)

When p(n) = p for all n, BO (p(n) T p) coincides with the class of p-
bounded fluctuation BF), [18].

Estimates of the Fourier coefficients of functions of bounded fluctuation
with respect to the Vilenkin system were studied by Gét and Toledo [5].

In [11] Goginava proved that the following statemants are true.

Theorem G1. Let f be a function in the class BO (p(n) T oo) and

NENN 1 R
“’(2”’ >0<p<n+1>1og2p<n+1>> oo

Then the Walsh-Fourier series of f converges uniformly in [0,1].

Theorem G2. Let p(2n) < ¢p(n), n € P and p(n)logyp(n) = o(n) as
n — oo. If w satisfies the condition

n—aoo

lim supew (i) p (logy n]) logy p ([logy n]) = co > 0

then there exists a function in the class H* N BO (p(n) T oo) for which the
Walsh-Fourier series diverges at some point.

Theorem of Tevzadze [19] imply that if p < é and f € BF,NC,, then
Cesaro mean o, (f) of Walsh-Fourier series uniformly convergence to the
function f. On the other hand, for p = é there exists continuous function f,
for which o, (f,0) diverges. On the basis of the above facts the following
problems arise naturally:
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Let f € BO (p (n) é) , 0 < a < 1.Under what condition on the sequence
{p(n) : n > 1} the uniform convergence of Cesaro (C, —«a) means of Walsh-
Fourier series of the function f holds.

The following theorem is true.

Theorem 1. Let f € Cy, ([0,1))NBO (p(n) 1 1), 0 < a < 1,2F <n < 2k
then

o ()= fll.

k (1 o (L f 1—ap(k)
Sc(‘”{zz k“"(r’f)ﬁ( (f—a)p)<k-> }

r=0

Corollary 1. Let f € C, ([0,1])NBO (p(n) 1 1), 0<a <1 and

1
(@ (G )~
1 —ap (k)

— 0, ask — oo,

then
o (f) = f||, = 0.

In order to prove Theorem 1 we need the following lemmas proved by
Goginava in [9, 8]

Lemma 1 (Goginava [9]). Let f € Cy ([0,1]) . Then for every a € (0,1)
the following estimation holds

1 ok—1_1

1
— AL wy () [f (@ u) = f ()] du
ATL ! ;0 c
k—1
<c(pa) Y 277F0(1/27, f),,
r=0

where 2F < n < 2k+1

Lemma 2 (Goginava [8]). Let f € Cy, ([0,1]) and 28 < n < 21, Then for
every a € (0,1) the following estimations holds

1 ok
2F—1
1

| X A @ o) - £ () du

(o) (oo 25

0 v=2k-1

2k—1_1

< e@ | X 5

=1
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1
—a

1 n
|3 At @)l ¢ o) = £ () du

o0 v=2k
2j 2 +1

Proof of Theorem 1. We can write

n

2k 1
= C(a) (Z jl—a

i=1

(1) o, (f,2) = f (x)
1
1 = .
T A 0/ = AL wy, () [f (x ®u) = f(2)] du
1 ok—1_1
1 —a
T A 0/ ot Al wy, () [f (z®u) — f(2)]du
=
e 0/ vl A2 wy (@) [f (z @ u) — f(2)] du

=1T+1I+1II1I.
From Lemmas 1 and 2 we have

k—1
1
@) 1], < () 32 (o f
> re(5)

)
C

2k—1_1 . :
3) |1 <c(a) ( S jlla f<x€9§,]€> —f(a:@ 23;1)0
=1
and
21 2 2j + 1
@) [ <e@) | Y] o f<$@2k+1> _f(x@%ﬂ)‘ :
j=1

Using Abel’s transformation, we get

2k_2

2 (jll‘“ ( +11)1“>

j=1

21 20+ 1
)

() (11| < c(a) (

J

>

=1
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2k—1 )
1 25 +1
s S o) (o)
j=1
=1L + 111s.
Let e :=apy < 1, s := Q, 5 + = = 1. Then using Hoélder’s inequality
for 1115, we can write
1 2] 2 25+ 1\ [

(6) UIQZW; f<$@2k+l>_f<x@2k+1>

1—eg
X

°k

2j 2j 41
(rogn) 1 (w0 %)
p(k)) p(k)

2k_1 . .
c(a) 27 27+1
< ok(1—a) (Z f< @ 2k+1> —f (1:@ ok+1 )

1 f( @25“> _f<x®2§;ill> (1€k)tk>tk

Szk((lcf)a)< (f, ()T;)) <w<f’1)>15k2!;
<c (><BO< )) (w(f,2>> o)

=c(a )<BO< i)) (w <f,2 )) o)

(s s ) (o)

as k — oo.
21 20+1
(rogn) 1 (vo )|

Fix mg (k) and define it later
21 20+1
f(x@2k+1> —f<a:€9 ok+1 )’

mo (k) J
(7) IIL <c(a Z 21az

I
3
)
—~
Sy
N2
F
—

1

p(k)) p(k)

204+ 1
(oo )13

2k 1
+ Z 1+1/p k)—« (Z

Jj=mo(k =1
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c(a)] (m ) 1 mo (k)" P 1
< c(a){ (mo (k) <2k,f>+ — BO<f,p(k:)Ta>
Set ) p(k)

S e

Then we have

ITT < c(a){w <

(8) <c(a)
Combining (5)-(8) we have

(9) 11| < e(a)

Analogously we can proved that
. 1—ap(k
@ (e )"
1 —ap (k)
Combining (1), (2) , (9) and (10) we complete the proof of Theorem 1. [

(10) 11| < c(a)
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